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ABSTRACT
We investigate the interplay of chiral and heavy quark symmetries by using
the NJL quark model. Heavy quarks with finite masses mQ as well as the
limit mQ → ∞ are studied. We found large corrections to the heavy mass
scaling law for the pseudoscalar decay constant. The influence of external
momenta on the shape parameters of the Isgur-Wise form factor is discussed.
1. Introduction
As is well known for heavy quark masses mQ ≫ ΛQCD one can expand the QCD
lagrangian connected with heavy quark dynamics in terms of 1/mQ, leading to
LHQL = Q¯v (iv ·D)Qv +Kv +Mv +O(1/m2Q) , (1)
with Dµ being the QCD covariant derivative and Kv and Mv being the kinetic and chro-
momagnetic energy of the heavy quark, respectively1. In the heavy quark limit mQ →∞
(HQL) the contribution of the latter vanishes, and the remaining lagrangian is indepen-
dent of the heavy quark flavor and spin. Consequently, heavy mesons are organized in spin
symmetry doublets with J = jl ± 1/2 where jl is the spin of the light degrees of freedom2.
In the sector of light quark flavors q = (u, d, s), QCD possesses an approximate
SU(3)L × SU(3)R chiral symmetry which is spontaneously broken to SU(3)V , leading to
the emergence of (pseudo)Goldstone bosons pi,K, η. We use the common non-linear rep-
resentation, where the Goldstone bosons (denoted by pi) and their transformations under
chiral symmetry SU(3)L × SU(3)R are given by
ξ = eipi/F → L ξ U † = U ξ R† , (2)
which defines the matrix U(pi, L,R) as a non-linear function of its arguments. Then heavy
meson fields Φ transform under chiral symmetry as3,4 Φ→ ΦU †.
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2. The NJL model with heavy quarks
We will use the above symmetry considerations in order to construct the NJL quark
model as a low-energy approximation to QCD. One choses suitable 4-quark operators
representing the scalar, pseudoscalar, vector and axial-vector channel, respectively,
Lq¯Q = 2G3
(
(Q¯ q) (q¯ Q) + (Q¯ iγ5 q) (q¯ iγ5Q)
−1
2
(Q¯ γµ q) (q¯ γ
µQ)− 1
2
(Q¯ iγµγ5 q) (q¯ iγ5γ
µQ)
)
mQ→∞−→ Lq¯Qv = G3
(
(Q¯v iγ5 q) (q¯ iγ5Qv)− (Q¯v γ⊥µ q) (q¯ γµ⊥Qv)
+(Q¯v q) (q¯ Qv)− (Q¯v iγ⊥µ γ5 q) (q¯ iγ5γµ⊥Qv)
)
. (3)
Here the coupling constant G3 has dimension (-2) and is related to an UV cut-off Λ,
reflecting the scale of chiral symmetry breaking of the order of 1 GeV. Note that it is the
heavy quark residual momentum (PQ − mQ vµ)2 ∼ O(p2q) < Λ2 which is regularized, and
in this way the NJL model may indeed be applied. Note also, that all reference to gluons
is gone, and consequently the model has no idea about confinement.
The above lagrangian can be transformed exactly into a quark-meson interaction by
integrating in auxiliary fields, which in the HQL leads to
L˜χ¯Q mQ→∞−→ −Q¯v [H +K] χ− χ¯
[
H¯ + K¯
]
Qv +
1
2G3
Tr
[
H¯H − K¯K
]
. (4)
Here we introduced the above mentioned non-linear representation by rotating the light
quark fields χR = ξ qR , χL = ξ
† qL. The Dirac matrices for the spin-symmetry doublets
with JP = (0−, 1−) and JP = (0+, 1+), respectively, are given by
H ≡ 1 + v/
2
(iΦ5γ5 + Φ/) , K ≡ 1 + v/
2
(Φ + iΦ/′5γ5) , (5)
with vµΦ
µ = vµΦ
µ
5 = 0. The quark fields are now integrated out explicitly by a functional
Gaussian integration. The real part of the resulting quark determinant after Wick-rotation
(D → DE) is regularized by a proper-time integral
ln |detD| → −Nc
2
∫ 1/µ2
1/Λ2
ds
s
∫
Tr
[
e−sD
†
E
DE
]
. (6)
Here, µ serves as an adjustable parameter and may be interpreted as the scale up to which
the quarks have been integrated out. Especially, at µ = Λ the contribution of the quark
determinant vanishes by construction, and we recover the original interaction of quarks
with static meson fields in Eq. (4).
It is a straight forward task to generalize the presented ideas to heavy mesons of higher
excitations like the JP = (1+, 2+) multiplet. It can be represented as5
T µ =
1 + v/
2

Φµνγν +
√
3
2
Φ5
ν iγ5
(
gµν − 1
3
γν(γµ − vµ)
)
 (7)
with vνΦ
µν = vνΦ5
ν = 0, Φµν = Φνµ and Φµµ = 0. For the light degrees of freedom
with jl = 3/2 we construct a Rarita-Schwinger representation from the light quark fields,
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introducing a covariant derivative iDν ≡ i∂ν + i/2 (ξ†∂νξ + ξ∂νξ†) of the chiral SU(3)V ,
L˜χQv → −Q¯v T ν i
→Dν χ+ χ¯ i
←Dµ T¯ µQv − 1
2G4
Tr
[
T¯ µTµ
]
, (8)
introducing a new coupling constant G4 ∼ O(1 GeV)−4. For further details we refer to our
original works6,7.
3. Results
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Figure 1: The solutions mq of Eq. (9) as an implicit function of the scale µ.
For low µ the contribution of the quark determinant leads to dynamical breaking of
chiral symmetry. In the NJL model this is governed by the gap-equation for the light quark
constituent mass8
mq = m
(0)
q + 8G1mq I1 , I1 =
Nc
16 pi2
(
Λ2 − µ2 +O(m2q)
)
. (9)
Fig. 1 shows the behaviour of the solution for mq as a function of the scale µ in the chiral
limit, i.e. for a vanishing current quark mass m(0)q = 0. We may use µ for separating
the IR region of the proper-time integral in Eq. (6) – which is believed to be governed
by confinement and can not be well described in our model – from the region where
the model is assumed to lead to reasonable results, namely to a consistent description
of dynamical chiral symmetry breaking. The dashed vertical line indicates the convenient
choice µ = 300 MeV. Note that in the chiral limit the critical scale for the phase transition
can be read off analytically from Eq. (9)
µ2c = Λ
2 − 2 pi
2
3G1
≈ (550 MeV)2 , (G1 = 5.25 GeV−2, Λ = 1.25 GeV)6 . (10)
With the self-energy contributions of the quark-determinant for scales µ < Λ the several
meson fields in the NJL model become dynamical degrees of freedom. We stress, that the
limit µ→ 0 in the proper-time integrals is in general not suitable if the external momenta
exceed the sum of the internal quark masses since by analytic continuation the self-energy
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then receives an imaginary part, which by the optical theorem is connected with unphysical
quark-antiquark thresholds.
The mass-spectrum of the heavy mesons in the NJL model is then determined by
the value of the 4-quark coupling constant G3 (with all other parameters fixed in the
light meson sector). The NJL model further gives simple predictions for the weak decay
constants of the heavy pseudoscalar (P ) and vector mesons (V ) in terms of the wave
function renormalization factors‡Z and the coupling constant G3,
√
MP fP = (1 + δ)
√
ZP /MP
G3√
MV fV =
√
ZV /MV
G3


HQL−→
√
MH fH =
√
ZH
G3
(11)
Here, δ denotes the contribution from the mixing of the pseudoscalar and axial-vector states
beyond the HQL. The perturbative corrections to Eq. (11) are known; in the leading-log
approximation one has9 fD = fB (αs(mc)/αs(mb))
6/25.
The results are collected in Table 1. Compared to experiment the SU(3)F -mass splitting
due to the different light quark masses mu = 300 MeV and ms = 510 MeV is somewhat
underestimated. The experimental fine-splitting between the spin-symmetry partners is
recovered for rather small values of mb and mc. We further observe large corrections to
the HQL scaling law for the pseudoscalar decay constant, whereas the deviations for the
vector decay constant are within the usual expectation. This is mostly due to the large
value of the mixing contribution δ which obtains values up to 50% in the case of D-mesons.
The values for the weak decay constants are on the lower side of the range obtained from
lattice results10.
Table 1: Heavy Meson masses and decay constants in the NJL model for a) the HQL and b) finite
values of mQ. Here Λ¯ is the mass-difference between heavy meson and heavy quark in the HQL.
The heavy quark masses are fitted to the averaged heavy meson masses M¯H = 1/4 (3MV +MP ).
These are then used to estimate the mass-splittings δH =MV −MP and the decay constants.
a)
G3 Λ¯u Λ¯s − Λ¯u MK −MH fB fBs/fB
[GeV]−2 [MeV] [MeV]
6.3 300 60 245 140 1.04
4.5 400 75 190 150 1.04
2.9 500 80 140 160 1.03
Exp.12 100
b)
G3 mb mc δB δD fB fB∗ fD fD∗
[GeV]−2 [GeV] [MeV] [MeV]
6.3 4.97 1.53 81 239 130 135 160 200
4.5 4.88 1.43 63 192 140 145 170 225
2.9 4.78 1.33 46 146 150 155 190 260
Exp.12 46 141
The NJL result for the Isgur-Wise function is obtained from the quark determinant by
insertion of a heavy quark current. We present the NJL results for the slope parameter
‡Note that in the HQL a factor of MH is absorbed into the normalization of the heavy meson fields.
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ρ =
√
−ξ′(1) and the curvature c0 = ξ′′(1)/2,
v ·p = 300 MeV : ρ = 0.84 , c0 = 0.49 ;
v ·p = 400 MeV : ρ = 0.94 , c0 = 0.72 ;
v ·p = 500 MeV : ρ = 1.07 , c0 = 1.18 . (12)
Note that here the values of v·p = Λ¯ and ρ and c0 are positively correlated. This should be
compared with the estimated theoretical relation11 c0 ≃ 0.72 ρ2 − 0.09 together with the
phenomenological bounds 0.84 ≤ ρ ≤ 1.00.
4. Conclusions
We have presented the NJL quark model as a low-energy approximation to QCD in-
cluding the approximate symmetries for light and heavy flavors. It has been shown that
this model is equivalent to a relativistic quark-meson model for the several heavy meson
states. We have introduced an adjustable scale parameter µ in the proper-time regularized
quark determinant, such that at µ = Λ the model matches to the case of static meson
fields which become then dynamical for µ < Λ. The dynamical breaking of chiral symme-
try occurs around µ ≈ 550 MeV. We then chose a finite value of µ ≈ 300 MeV in order
to separate the IR region of the proper-time integration. With this one obtains reason-
able results for the heavy meson mass spectrum both, with finite and infinite heavy quark
masses, for the decay constants and for the Isgur-Wise form factors.
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